
 
 

𝑠(𝑡) = 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛; 𝑣(𝑡) = 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 

𝑣(𝑡) = 𝑠′(𝑡) 

 

 

 

 

 

 

 

 

 

 

In General: 

 

 

 

 

 

 

  

 

 

Change of 𝑠(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 
= 

𝐴𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑣(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 



 
 

Example:  Velocities (in ft/sec) of a runner starting a race are: 

How far did the runner travel from 𝑡 = 0 to 𝑡 = 6? 

𝒕 (sec) 𝟎 𝟐 𝟒 𝟔 

𝑣(𝑡) (ft/s) 𝟎 𝟖 𝟏𝟒 𝟏𝟖 

 

 

 

 

 

 

 

 

 

 



 
 

Example:  Velocities (in ft/sec) of a runner starting a race are: 

𝒕 (sec) 𝟎 𝟏 𝟐 𝟑 𝟒 𝟓 𝟔 

𝑣(𝑡) (ft/s) 𝟎 𝟒. 𝟓 𝟖 11 𝟏𝟒 𝟏𝟔. 𝟓 𝟏𝟖 

How far did the runner travel from 𝑡 = 0 to 𝑡 = 6? 

 

 

 

 

 

 

 

 

 

 

 



 
 

Given their velocity 𝑣(𝑡),  how far did the runner travel from 𝑡 = 0 to 𝑡 = 6? 

To get a better approximation, we want to compute this for larger 𝑛. 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 ≈ 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + ⋯ 𝐴𝑛 

 

 

Notation: 

 

𝐴𝑖 =  

 

∆𝑡 =  

 

𝑡𝑖 =  

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 ≈  

 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑡𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 =  

 

 

 

 

 

𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + ⋯ 𝐴𝑛 = ∑   

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑇𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑑 

𝑓𝑟𝑜𝑚 𝑡 = 0 𝑡𝑜 𝑡 = 6 
= 



 
 

Note:  ∑ 𝑣(𝑡𝑖) ∙ ∆𝑡𝑛
𝑖=1  is called the right hand sum because we use the right-most 

point on each interval. 

The left hand sum = ∑ 𝑣(𝑡𝑖) ∙ ∆𝑡𝑛−1
𝑖=0  uses the left-most point. 

The left hand sum is what was used as our underestimate. 

lim
𝑛→∞

𝑅𝑖𝑔ℎ𝑡 𝐻𝑎𝑛𝑑 𝑆𝑢𝑚 = lim
𝑛→∞

𝐿𝑒𝑓𝑡 𝐻𝑎𝑛𝑑 𝑆𝑢𝑚 

Once we take the limit as 𝑛 → ∞ we call these Riemann Sums. 

 

 

In General: for 𝐹′(𝑡) = 𝑓(𝑡) 

 

 

 

∆𝑡 = 

 

𝑡𝑖 = 

 

 

∫ 𝑓(𝑡)𝑑𝑡 =

𝑏

𝑎

lim
𝑛→∞

∑ 𝑓(𝑡𝑖) ∙ ∆𝑡

𝑛

𝑖=1

 

Def:   

 

 

𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝐹(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 

= lim
𝑛→∞

∑ 𝑓(𝑡𝑖) ∙ ∆𝑡

𝑛

𝑖=1

 𝑎𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑓(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 
= 



 
 

Recall:  If we know a functions derivative, then for: 

𝑓(𝑡) = 𝐹′(𝑡) 

 

 

Example:  Suppose that the rate of sales of movie tickets (in 10,000 tickets per 

week) is graphically given by 𝑠′(𝑡) where 𝑡 is the number of weeks since the 

movie was released. 

 

1) How many tickets will the movie sell in the first 4 weeks?  

 

 

 

 

2) How many tickets will the movie sell before it leaves the theater? 

 

𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝐹(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 
= ∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑎

 = 𝑎𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑓(𝑡) 

𝑓𝑟𝑜𝑚 𝑡 = 𝑎 𝑡𝑜 𝑡 = 𝑏 


